
An MM Algorithm for Fixed Effects Multinomial Logit

Models

Mingli Chen

University of Warwick

Ian Meeker

Charles River Associates

Marc Rysman

Boston University

Shuang Wang

Charles River Associates∗

August 12, 2025

Abstract

Estimating multinomial models with many fixed effects faces prohibitive computational

challenges. We develop a new method based on the Minorization-Maximization (MM)

algorithm to address this issue. The method linearizes the logit model, allowing for

the use of linear methods for handling fixed effects. We demonstrate the usefulness of

our method through simulations and an empirical application to hospital choice. We

show that our method also works well if the researcher wants to specify a model with

individual-specific coefficients on an explanatory variable, even with large numbers of

individuals.
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1 Introduction

Implementing models with many fixed effects is critical to modern empirical work and

plays a central role in what Angrist and Pischke (2010) term the credibility revolution

in economics. In linear models, methods for addressing large numbers of unobserved in-

dividual effects, such as demeaning, are well-known. However, these approaches do not

directly extend to non-linear models, such as the multinomial logit. Instead, standard

implementations of multinomial estimation typically rely on estimating dummy variable

coefficients, which becomes computationally slow and memory intensive, or even infeasi-

ble, as the number of fixed effects grows large. While there are a number of methods for

applying fixed effects approaches to binary outcome models, extending these methods to

multinomial models has remained a significant challenge.

In this paper, we provide a new method for calculating maximum likelihood estimates for

a multinomial logit model with fixed effects. Our approach is based on the Minorization-

Maximization (MM) algorithm, which can be seen as a generalization of the Expectation-

Maximization (EM) algorithm. The MM algorithm, originally developed in the statistics

literature (Hunter and Lange, 2004; Lange, 2016), has seen little application in econo-

metrics to date. We utilize the MM algorithm to minorize the logit model in a way

that leads to a linear estimation problem, allowing us to apply standard techniques to

handle the fixed effects. Our method is simple to program, achieves numerically identical

estimates to standard techniques, and is significantly faster and more memory-efficient

than previously available alternatives. Furthermore, we demonstrate that our approach

remains effective even when the model includes individual-specific coefficients on an ex-

planatory variable, making it feasible for applications with large numbers of individuals.

We provide a theoretical convergence result but focus on demonstrating performance in

numerical simulations.

Because we consider a fixed effects estimation approach that treats the unobserved ef-

fects as parameters to be estimated, the resulting estimators are generally subject to the

incidental parameters problem due to the high dimensionality of the estimated parame-

ters, as is well known in the nonlinear panel data literature (Neyman and Scott, 1948).

We address this issue using ex-post bias reduction via the jackknife method proposed by

Dhaene and Jochmans (2015).

We demonstrate the computational advantages of our estimator over competing alterna-

tive methods with simulations. The first alternative is Newton’s method. Standard im-

2



plementations of multinomial logit estimation, such as those available in Stata or R, rely

on Newton’s method or related gradient-based methods. These implementations handle

fixed effects by introducing indicator variables for each group, the so-called dummy vari-

ables approach. However, these implementations are extremely slow or run into memory

problems in our simulations. To advantage Newton’s method, we implement our own al-

gorithm that exploits the sparsity and structure of the Hessian, following Hospido (2012).

We further enhance Hospido’s algorithm with several computational techniques specif-

ically exploiting the data structure of our simulations, as described below. The second

alternative uses the optimization algorithm Adam, as recommended for the multinomial

logit by Du, Kanodia, and Athey (2023). We explore how these methods scale with the

number of fixed effects and the number of individual-specific coefficients on a continuous

explanatory variable. In terms of coefficients, all methods return essentially the same

coefficients. In terms of speed, our method outperforms competing ones when handling

fixed effects, and is comparable or better than alternatives when handling large numbers

of individual-specific coefficients. Not surprisingly, Newton’s method is a strong com-

petitor. While our method outperforms Newton’s method in the case of fixed effects,

Newton’s method is slightly better on average in the case of individual-specific coeffi-

cients. However, we view the speed improvement as small relative to the level of bespoke

programming required to achieve it. We consider two acceleration methods designed for

MM and EM algorithms, and we find that they pair well with our algorithm. Gener-

ally applicable code for implementing our MM algorithm with and without acceleration

methods is available on author websites.1

We conclude with an empirical application to hospital choice based on Raval, Rosenbaum,

and Tenn (2017). Recent research emphasizes highly flexible choice models in order to

accurately determine the relevant market for competition policy purposes, which can

be implemented with large numbers of fixed effects. In part because of the estimation

challenge of estimating so many fixed effects, Raval, Rosenbaum, and Tenn (2017) esti-

mate separate multinomial logit models for each sub-population in the data with just an

intercept for each hospital as the only explanatory variables. This approach means the

researcher cannot hold any coefficients constant across the whole population, and cannot

include any other explanatory variables, such as a continuous variable or multi-way fixed

effects. In this context, we show our estimator accommodates population-wide estima-

tion of all of their parameters, and can easily handle additional explanatory variables as

well.

1See in particular: imeeker.com/code
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Overall, our paper makes several contributions. We provide an attractive new approach

to estimate the multinomial discrete choice models with fixed effects. Within the MM

literature, we provide a minorization for the multinomial logit model and show how

it can be used to efficiently address panel data estimation. Our approach could likely

be extended to a number of linear-index likelihood models, allowing a wide range of

non-linear models to handle many fixed effects.

Literature Review Our paper contributes to the literature on fixed effects estima-

tion of nonlinear panel data models. Several other papers precede us in this regard. A

classic contribution is Chamberlain’s conditional logit model (Chamberlain, 1980). Typ-

ical implementations handle only the binary outcome case, and extending the model to

multinomial outcomes creates significant combinatoric complexities. Furthermore, the

model does not naturally deliver estimates for the fixed effects, which our approach does.

D’Haultfœuille and Iaria (2016) and Hospido (2012) introduce efficient methods for com-

puting the dummy variables model and the latter provides a bias-corrected likelihood

approach. D’Haultfœuille and Iaria (2016) rely on simulation (which introduces integra-

tion error) of the choice set to cheaply compute the Hessian of the objective function,

while Hospido (2012) exploits the sparsity of the fixed effects. When calculating the

Hessian for Newton’s method, we adapt Hospido (2012) to our setting.

Stammann, Heiß, and McFadden (2016) is perhaps closest to us in that they advocate for

iterative demeaning to obtain estimates, and then ex-post bias correction, in their case

based on Hahn and Newey (2004). Several techniques rely on concentrating out fixed

effects so the researcher can maximize over the remaining parameters, such as Hinz,

Hudle, and Wanner (2019) and Stammann (2018). Our understanding is that all three

of these approaches have been developed only for binary outcomes and do not easily

extend to multinomial settings.

Another approach relies on differencing out fixed effects in a way that leads to estimation

with moment inequalities, such as Ho and Pakes (2014) and Shum, Song, and Shi (2018).

Our approach differs in that it generates point identification and delivers estimates of

the fixed effects, and we view our approach as computationally less challenging than

estimation with moment inequalities. It is possible to replace the multinomial logit model

with the Poisson model, as in Guimaraes, Figueirdo, and Woodward (2003), which is

attractive because the Poisson model more easily accommodates fixed effects. However,

this technique requires groups of agents to have the same explanatory variables.
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Our discussion focuses on estimation methods. For identification, Mugnier and Wang,

2024 study identification in a linear index model with a non-parametric link function.

Similar to our paper, they study the cases of fixed effects, two-way fixed effects, and

individual-specific slope coefficients, and so cover our applications.

The Minorization-Maximization algorithm, which is sometimes called the Majorization-

Minimization algorithm but is the MM algorithm in either case, has a long history

in statistics dating about to the time of the introduction of the EM algorithm. The

EM algorithm can be regarded as a special case of the MM algorithm. In general, the

MM algorithm expands the set of functions that can be used in the E-step of the EM

algorithm, and has appeared under many names in different papers, often depending

on what function was used. Böhning and Lindsay (1988) is an important early citation,

while Hunter and Lange (2004) and Lange (2016) provides a helpful overview and history.

The MM literature has focused on cross-sectional applications, and we believe we are

the first paper to apply the MM algorithm to panel data settings. We are aware of only

one paper in the econometrics literature the precedes us: James (2017) shows that the

MM algorithm can be advantageous in the context of the mixed multinomial logit model

of McFadden and Train (2000) but does not discuss fixed effects or provide an empirical

application. We are aware of several papers making use of our algorithm. Sahai (2023)

embeds our MM algorithm into an EM algorithm to allow for the estimation of many

fixed effects in a mixed logit model. He applies his EM algorithm to estimate a model of

school choice in India. Rysman, Wang, and Wozniak, 2025 applies our model to study a

panel of consumers choosing between payment type (such as card, cash, or check). They

estimate a multinomial logit model with more than 2 million fixed effects.

Our paper is closely related to that of Chen (2019). She proposes a new EM algorithm

for nonlinear panel data models with interactive effects. She uses the EM algorithm

to transform the model into a linear form (with generalized residuals), enabling the

application of existing techniques for handling interactive fixed effects in the linear case.

Additionally, she derives the bias formula, and with its known analytic form, one can

perform ex-post bias correction. Notably, her implementation of the EM algorithm

closely resembles the MM algorithm. However, she does not consider multinomial models.

Building on her ideas, our model could be extended to accommodate interactive fixed

effects in a multinomial logit model. However, caution is required, as the log-likelihood

function would no longer be concave, and the MM algorithm would, at best, be expected

to converge to a local maximum.
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2 The MM Algorithm

The central idea in our paper is to use the MM algorithm to estimate a nonlinear discrete

choice model in an iterative series of two steps. First, in each iteration, we construct a

simpler concave surrogate function that minorizes the complicated log-likelihood func-

tion, such that the surrogate function is less than the log-likelihood function everywhere

but at the current best guess of the parameters, where it is equal. Second, we max-

imize the surrogate function instead of the log-likelihood function. The ascent of the

log-likelihood is guaranteed by the property of minorization. By alternating between

these steps of minorization and maximization, the MM algorithm finds the parameters

that maximize the original log-likelihood function.

Before diving into the details of our multinomial logit model, we first discuss the defi-

nition of the MM algorithm in general and provide conditions required for convergence.

Relative to the standard mathematical definition of a minorizing function, we add an

extra condition that makes the function suitable for use in a maximization problem. We

refer to our minorization as a transfer minorization. Our name is based on the ter-

minology of Lange, Hunter, and Yang (2000), which refers to the minorization as the

transfer function. That is, we transfer optimization from the function of interest to the

minorization of this function.

Definition 1. Suppose L is a real-valued function on Ω that is twice differentiable and

S is a real-valued function on Ω× Ω, we say that S is a transfer minorization of L if:

(a) S(θ;ϑ) ≤ L(θ) for all θ and ϑ;

(b) S(ϑ;ϑ) = L(ϑ) for all ϑ;

(c) ∇2
θS(θ;ϑ)—which denotes the second derivative of S with respect to θ—exists and

is negative definite at θ.

Analogously, S is a transfer majorization of L if −S is a transfer minorization of −L. The
first two conditions of Definition 1 are from Leeuw and Lange (2009) and are standard

for defining a minorization. The third condition ensures that the minorization is well-

behaved around the focal point. Arguably, we could use a less strict condition, such as

that the minorization has the same sign as L in some region around θ, but in practice,

we are not aware of any implementations of the MM algorithm that do not satisfy the

third condition. As shown in Leeuw and Lange (2009), an implication of Definition 1 is:
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Corollary 1. If S is a transfer minorization of L, then for all θ ∈ Ω:

∇θS(θ;θ) = ∇L(θ).

This follows because, at θ = ϑ, the gradients of S and L must coincide for S to be a

minorization.

Intuitively, when faced with a likelihood function L that is difficult to maximize, we

instead maximize another function S. Its maximizer should always be closer to a local

optima than the current guess, and we choose this surrogate function S so that it is easier

to maximize than L. Figure 1 provides an example. In the figure, we seek to maximize L
over the scalar parameter θ. Because we are considering a scalar, we write θ rather than

θ. We start with a guess θ(k). Rather than seek to optimize L directly, we construct

a transfer minorization S(θ; θ(k)). As a minorization, it is always below L and is equal

to L at S(θ(k); θ(k)). As a transfer minorization, S is well-behaved around θ(k), i.e. it

is differentiable and concave. It is optimized at the point θ(k+1). At this point, we will

construct a new transfer minorization S(θ; θ(k+1)). Under suitable regularity conditions,

iterative application of this process converges to a local maximum of L.

The general MM algorithm starts from an initial guess θ(0). The MM algorithm itera-

tively applies the following two-step procedure. In the first step, the minorization step,

the surrogate function is computed S(θ;θ(k)) for the current iterate θ(k). In the sec-

ond step, the maximization step, the next iterate θ(k+1) is value θ ∈ Rp that maximize

S(θ;θ(k)). At each step, let θ(k) = θ(k+1) and repeat the procedure until θ(k) converges.

Lange (2013, Chapter 8) establishes convergence of the MM algorithm.2 Böhning (1992)

discusses the special case of applying the MM algorithm to the multinomial logit model

without unobserved effects. Thus, any function that satisfies Definition 1 for some func-

tion L can be used in the MM algorithm to find an optimum to L. This approach allows

substantial freedom in selecting the transfer minorization. From the perspective of the

MM algorithm, the EM algorithm is a special case and it works because the conditional

expectation of L used in the EM algorithm is a transfer minorization. The MM algorithm

is more general because the researcher is free to use any minorizing function. Hunter

and Lange (2004) discuss several approaches for constructing MM algorithms. In the

next section, we focus on a Taylor expansion, which delivers a least-squares optimization

2Lange, 2013 does not include part (c) of Definition 1 in the definition of a minorization but then
later imposes it for the proof of convergence.
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L(θ)

S(θk; θ(k)) S(θ; θ(k))

S(θ; θ(k+1))

θ(k) θ(k+1)

L(θk) =

L(θk+1)

Figure 1: One-dimensional illustration of MM algorithm as a minorization or optimiza-
tion transfer strategy.

problem in our context.

3 Model

In the multinomial logit model, an individual makes a discrete choice among several

alternatives, each of which draws an Extreme Value error. The distinguishing feature of

the model is the closed-form logistic function for the probability of each choice.

We observe I individuals make a discrete choice among J alternatives in each of T time

periods.3 Individual i in period t who chooses alternative j obtains utility uijt. Utility

is defined as:

uijt = xitβj + wjtγi + αij + εijt, (1)

where xit is a set of individual-specific observable characteristics; wjt is a set of alternative-

specific characteristics; and αij is a set of fixed effects at the household-by-alternative

3The number of alternatives can differ across time and consumers. For ease of presentation, we
consider a balanced panel.
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level. For instance, if we observe households choosing the method of transportation to

work, xit might represent household income, wjt might represent the cost of various

transportation modes, and αij would be separate fixed effects for every household and

alternative combination. We typically normalize one alternative to have a utility of zero,

so αij represents I × (J − 1) fixed effects. It is possible to allow wjt to vary across

individuals (i.e., wijt), for instance, if prices were specific to the household.

Continuing with Equation 1, εijt is a scalar i.i.d idiosyncratic shock distributed according

to a Type I Extreme Value distribution. The variable yijt is a binary indicator for the

alternative that consumer i chooses in t, where:

yijt = 1[uijt ≥ uikt,∀k], ∀i, t.

We collect the parameter vectors as θ = {βj , γi, αij , i = 1, . . . , I, j = 1, . . . , J}. These

are to be estimated. The log-likelihood function is then:

L(θ) =
∑
i,t

log l(xitβ +wtγi +αi;yit) (2)

where β = {β1, . . . , βJ}, wt = {w1t, . . . , wJt}, αi = {αi1, . . . , αiJ}, yit = {yi1t, . . . , yiJt}
and:

l(xitβ +wtγi +αi;yit) =
∏J
j=1 pijt(xitβ +wtγi +αi)

yijt ,

pijt(xitβ +wtγi +αi) =
exp(xitβj + wjtγi + αij)∑J
k=1 exp(xitβk + wktγi + αik)

.

In practice, we normalize the mean utility of one of the alternatives to be zero, as is

standard in the multinomial logit.

4 An MM Algorithm for the Multinomial Logit

4.1 The Transfer Minorization

This subsection derives a function S that satisfies the conditions of Definition 1 to be a

transfer minorization of L.
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Theorem 1. Let L(θ) be the log-likelihood function for a multinomial logit model as

defined in Eq.(2). Let S(θ;θ(k)) be defined as:

S(θ;θ(k)) = L(θ(k)) + 1

2

∑
i,j,t

hj(ψ
(k)
it ;yit)

2

− 1

2

∑
i,j,t

(
xitβ

(k)
j + wjtγ

(k)
i + α

(k)
ij + hj(ψ

(k)
it ;yit)− xitβj − wjtγi − αij

)2
, (3)

where

hj(ψ
(k)
it ;yit) =

∂ log l(ψ
(k)
it ;yit)

∂ψ
(k)
ijt

= yijt − pijt(ψ(k)
it ),

pijt(ψit) =
exp(ψijt)∑J

k=1 exp(ψikt)
,

ψ
(k)
ijt = xitβ

(k)
j + wjtγ

(k)
i + α

(k)
ij ,

ψ
(k)
it = {ψi1t, . . . , ψiJt},

then S(θ;θ(k)) is a transfer minorization of L(θ).

Therefore θ(k+1) = argmaxθ S(θ;θ
(k)), k = 0, 1, 2, ... converges to a local, if not global,

maximum of L(θ).

Eq.(3) is a first-order Taylor expansion of the likelihood function. Note that the param-

eters that we search over in the iterative MM algorithm, θ, appear only in the third part

of the right-hand side of Eq.(3). Focusing on this third part, we can view the optimiza-

tion of S(θ,θ(k)) as a linear regression of v
(k)
ijt = xitβ

(k)
j +wjtγ

(k)
i +α

(k)
ij +hj(ψ

(k)
it ; yit) on

xit, wjt, and household-alternative fixed effects. This is the central benefit of our MM

approach to the multinomial logit. We convert a non-linear optimization problem to a

series of sequential linear optimization, which is particularly attractive when there are

many fixed effects.

The functional form of hj(ψ
(k)
it ;yit) is clearly important to our technique. For the multi-

nomial logit, this function takes on a particularly simple form: yijt−pijt(ψ(k)
it ). Thinking

of xitβ
(k)
j + wjtγ

(k)
i + α

(k)
ij as the expectation of uijt at iteration k, our iterative linear

regression uses a dependent variable above the expectation for observations with yijt = 1

and below the expectation for observations with yijt = 0.

If we could observe uijt, we could estimate our coefficients and fixed effects directly by

linear techniques rather than relying on discrete outcome methods such as the multi-

nomial logit. In this sense, the minorization step of the MM algorithm has the feel of
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data augmentation (Tanner, 1996). That is, we calculate vijt as an approximation of the

unobserved uijt. That is the intuition behind many applications of the EM algorithm.

In the multinomial logit, vijt does not coincide with the expectation of uijt. That is,

v
(k)
ijt ̸= E[uijt|xit, wjt, αij , yijt,θ(k)j ]. Indeed, substituting v

(k)
ijt with E[uijt|xit, wjt, αij , yijt,θ(k)j ]

would lead to biased results because the likelihood of the expectation is not equal to the

expectation of the likelihood. Generating the expectation of the likelihood function for

the case of the multinomial logit is more complicated than our minorization approach,

so the EM algorithm is relatively unattractive in our context.

Remark 1 (A Digression on the Binary Probit). In the case of the binary probit, the

MM and EM algorithms coincide. Chen (2019) estimates the binary probit by the EM

algorithm and derives a functional form equivalent to our MM algorithm. Ruud, 1991

and Greene (2018) also discuss applying the EM to the binary probit model. In the case

of binary probit:

l(xitβ + wtγi + αi; yit) =

Φ(xitβ + wtγi + αi), yit = 1

1− Φ(xitβ + wtγi + αi), yit = 0

where Φ(·) is the cumulative distribution function of the standard normal distribution,

ϕ(·) is its probability density function. We have suppressed j subscripts relative to the

previous equations as there are only two alternatives.

For ease of notation, let ψit = xitβ + wtγi + αi. Accordingly:

h(ψit; yit) =
∂ log (ψit; yit)

∂(ψit)
=


ϕ (ψit)

Φ (ψit)
, yit = 1

−ϕ (ψit)
1− Φ(ψit)

, yit = 0

=
(yit − Φ (ψit))ϕ (ψit)

Φ (ψit) (1− Φ (ψit))

Thus, we see that h(ψit; yit) corresponds to the well-known Mills ratio and, as a result,

h(ψit; yit) = E[ϵit|ψit, yit], where ϵit corresponds to the normally distributed error from

the probit model. In this sense, the MM and EM algorithms correspond in the case of

the binary probit.
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4.2 The MM Algorithm

Our MM algorithm starts from an initial guess θ(0). From this initial guess, each iteration

follows a two-step procedure. In the minorization step, we compute vijt = xitβ
(k)
j +

wjtγ
(k)
i + α

(k)
ij + hj(ψ

(k)
it ;yit). In the maximization step, we update the parameters by

linearly regressing vijt on xit, wjt, and household-choice fixed effects. These steps repeat

until convergence.

For our base algorithm, we use the dummy variables approach to handle fixed effects. Let

dij be an I × (J − 1) vector of dummy variables indicating observation ij. We combine

the regressors xit, wjt, and dij into a single vector zijt = [xit, wjt, dij ] and then stack the

observations to form the matrix Z. We write out the steps in Algorithm 1.

Algorithm 1 (Base Algorithm)

Require: initial guess θ(0) = {β(0)j , γ
(0)
i , α

(0)
ij }i=1,...,I j=1,...,J

repeat
k ← k + 1

Minorization Step:

v
(k)
ijt ← xitβ

(k)
j + wjtγ

(k)
i + α

(k)
ij + hj(ψ

(k)
it ;yit)

v(k) ← {v(k)ijt }i=1,...I; j=1,...,J ; t=1,...,T

Maximization Step: (Update θk by OLS)

θ(k+1) ← (Z ′Z)−1Zv(k)

until convergence

There are several ways to improve the efficiency of the algorithm at the cost of clarity.

First note that the independent variables in the linear regressions do not change from

iteration to iteration. As a result, we need to compute (Z ′Z)−1Z only once at the

beginning, reducing the computational burden of the maximization step. Also note that

the logit probabilities depend on xitβ
(k)
j + wjtγ

(k)
i + α

(k)
ij , so we need to compute this

term only once per minorization step.

In the algorithm, we did not specify a convergence criterion. The MM algorithm ac-

commodates a number of different convergence criteria. The researcher should use the

criterion that makes sense with their application. A natural choice is the difference in

the successive values of the parameters
∥∥θ(k+1) − θ(k)

∥∥. Another possible choice is the

difference in successive values of the log-likelihood
∣∣L (θ(k+1)

)
− L

(
θ(k)

)∣∣. This criterion
requires an additional computational step since the MM algorithm does not compute the
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likelihood.

4.3 Handling Fixed Effects

If some of the fixed effects have many categories, updating the parameters using OLS

with dummy variables is inefficient or even infeasible. As the model is linear at each

iteration, we make use of the Frisch-Waugh-Lovell theorem to absorb the fixed effects.

Partialling out the fixed effects greatly reduces the dimensionality of the problem and

hence the computational cost of the maximization step.

In the case of one-way fixed effects, we can residualize the regressors by demeaning

the variables. In the maximization step, we first recover a subset of the parameters

η = {{βj}j=1,...,J , {γi}i=1,...,I} using demeaned OLS. The asymptotic runtime of OLS

helps us understand why demeaned OLS can lead to large speed improvements. OLS

has a complexity of O(K2(N +K)) where N is the number of observations and K is the

number of regressors (i.e., the dimensions of xit and wjt).
4 Because runtime is cubic in

the number of regressors, absorbing the fixed effects has a major impact on the speed of

the algorithm relative to the dummy variables approach, which introduces I × (J − 1)

regressors. This suggests that our method will be most effective when the number of

additional covariates is small and the number of fixed effects is large.

After recovering η, we then recover the fixed effects in a separate, additional step. The

computational cost of this additional step is small relative to the gain from using parti-

tioned regression.

For ease of notation, we combine the variables xjt and wit into a single matrix and stack

observations to form the matrix Z. We denote the demeaned variables with a tilde, such

as Z̃. We present the steps for the case of demeaning in Algorithm 2.

The update for the fixed effects returns a vector with a length equal to the number of

observations N . This vector repeats αij for each time period. The advantage of this

update step is that it extends naturally to multi-way fixed effects. We can also save the

values Zη(k+1) and Z̃η(k+1) for use on the next iteration. An alternative way to update

4Our Big-O calculation assumes schoolbook matrix multiplication for all multiplications and Gauss-
Jordan elimination for computing the inverse.
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Algorithm 2 (Fixed Effects)

Require: initial guess θ(0) = {β(0)j , γ
(0)
i , α

(0)
ij }i=1,...,I j=1,...,J

repeat
k ← k + 1

Minorization Step:

v
(k)
ijt ← xitβ

(k)
j + wjtγ

(k)
i + α

(k)
ij + hj(ψ

(k)
it ; yit)

v(k) ← {v(k)ijt }i=1,...N ; j=1,...,J ; t=1,...,T

ṽ(k) ← Demean v(k)

Maximization Step:

1. Update η(k) by demeaned OLS:

η(k+1) ←
(
Z̃ ′Z̃

)−1
Z̃ṽ(k)

2. Update the fixed effects: α

α(k+1) ← v(k) −Zη(k+1) −
(
ṽ(k) − Z̃η(k+1)

)
until convergence

the fixed effects is to average the residuals:

α
(k+1)
ij =

1

T

∑
t

v
(k)
ijt − zijtη

(k+1) (4)

This update does not repeat the values of αij since we are averaging across time periods.

Both updates yield equivalent values for αij .

Note that the independent variablesZ do not change from iteration to iteration. To avoid

repetition, we can then pull out the term
(
Z̃ ′Z̃

)−1
Z̃ and save it for later iterations.

The above algorithm also applies to the case of multi-way fixed effects with minor mod-

ification. The algorithm can accommodate both individual-alternative fixed effects and

alternative-time fixed effects. For example, utility can have the form:

uijt = xitβj + wjtγi + αij + τjt + εijt, (5)

where τjt are the alternative-time fixed effects. The other variables are the same as in

(1).

The main difference with multi-way fixed effects is the method for residualizing the re-

gressors. With multi-way fixed effects, the annihilator matrix for projecting out the fixed
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effects is not equivalent to demeaning and beyond two fixed effects, directly computing

the annihilator matrix is normally impossible. A number of papers provide methods

for absorbing multi-way fixed effects in linear models. Notably, Guimaraes and Por-

tugal (2010), Gaure (2013), and Correia (2017) provide iterative estimators based on

the method of alternating projections. Fong and Saunders (2011) provide an alterna-

tive estimator for solving sparse linear systems more generally. Finally, Somaini and

Wolak (2016) provide a method for computing the annihilator matrix in the case of

two-way fixed effects. These methods are available in many commonly-used statistical

software.5 Researchers can use any of these methods to residualize the regressors in the

maximization step.

In the case of multi-way fixed effects, our algorithm recovers the sum of the fixed effects

αij+τjt rather than the actual coefficients. So in the maximization step, we are updating

the sum as:

[αij + τjt]
(k+1) = v

(k)
ijt − zijtη̂

(k+1) −
(
ṽ
(k)
ijt − z̃ijtη̂

(k+1)
)

(6)

Recovering the coefficients requires solving the system defined by:

αij + τjt = vijt − zijtη̂ − (ṽijt − z̃ijtη̂) (7)

where η̂ is the final estimates. With high-dimensional fixed effects, this system will be

too large to solve directly and must be solved using numerical routines. Gaure (2013)

and Stammann (2018) describes how to solve this particular system using the Kaczmarz

method (Kaczmarz, 1993).6 Solving for the coefficients ex-post will reduce some of the

computational gains from our MM algorithm.

5 Further refinements

5.1 Handling Individual-Specific Coefficients

The dimension of the individual-specific coefficients γi can also pose computational prob-

lems. Updating these parameters using OLS with interactions between regressors and

dummies is inefficient and at worst infeasible. Just as we did with the fixed effects,

5All of the methods mentioned are available in the python package PyHDFE. Gaure (2013) is also
available in the R packages lfe and collapse, and Correia (2017) is available in the Stata package reghdfe.

6This is the English translation of Kaczmarz’s original 1937 paper in German.
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we can solve this problem by partialling out the alternative-specific variables to avoid

directly computing the individual-specific coefficients. Reducing the dimensionality of

the problem offers significant speed advantages.

To partial out the alternative-specific variables, we need to use a generalized demeaning

algorithm that can handle heterogeneous slopes, such as Correia (2017). Projecting out

the individual-specific variables in addition to the fixed effects requires only a slight mod-

ification to algorithm 2. As with the fixed effects, demeaning affects the maximization

step, not the minorization step. In the maximization step, we first recover the param-

eters β = ({βj}j=1,...,J) using demeaned OLS. After recovering β, we then recover the

contribution of alternative-specific variables and the fixed effects in an additional step.

The estimation procedure can be found in Algorithm 3.

Algorithm 3 (Fixed Effects and Individual-Specific Coefficients)

Require: initial guess θ(0) = {β(0)j , γ
(0)
i , α

(0)
ij }i=1,...,I j=1,...,J

repeat
k ← k + 1

Minorization Step:

v
(k)
ijt ← xitβ

(k)
j + wjtγ

(k)
i + α

(k)
ij + hj(ψ

(k)
it ;yit)

v(k) ← {v(k)ijt }i=1,...N ; j=1,...,J ; t=1,...,T

ṽ(k) ← Demean v(k)

Maximization Step:

1. Update β(k) by demeaned OLS:

β(k+1) ←
(
X̃

′
X̃
)−1

X̃ṽ(k)

2. Update the contribution wγ +α:

wγ(k+1) +α(k+1) ← v(k) −Xβ(k+1) −
(
ṽ(k) − X̃β(k+1)

)
until convergence

As with multi-way fixed effects, our algorithm recovers the overall contribution of alternative-

specific variables and the fixed effects rather than the coefficients. Finding the coefficients

requires solving a large sparse system numerically, which can be computationally expen-

sive. This step is necessary only if the researcher cares about the specific value of the

coefficients.
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5.2 Acceleration Methods

The low cost per iteration of the MM algorithm comes at the expense of more iterations.

Many MM algorithms can exhibit slow convergence close to the maximum (Zhou, Alexan-

der, and Lange, 2011). In these cases, acceleration methods can be used to improve the

rate of convergence.

Acceleration methods use additional information to improve the parameter updates.

There are many acceleration methods for MM algorithms. We highlight two iterative

methods well-suited to our algorithm, SQUAREM (Varadhan and Roland, 2008) and

Zhou, Alexander, and Lange (2011) (hereafter ZAL). Both methods are applicable to

algorithms 1, 2, and 3.

SQUAREM and ZAL approach the MM algorithm from the perspective of a fixed point

equation.7 We can view the MM algorithm as a mapping F from the current iterate θ(k)

to the next iterate θ(k+1), θ(k+1) = F (θ(k)). In this formulation, the goal of the MM

algorithm is to find the fixed point θ∗ = F (θ∗) or equivalently to find the root of the

function G(θ) = θ−F (θ). Finding the root of G(θ) can be done with Newton’s method

which updates the parameters according to:

θ(k+1) = θ(k) −∇G(θ(k))−1G(θk) (8)

Rather than compute ∇G(θ(k))−1 directly, both methods rely on an approximation. The

two methods use different approximations, resulting in different updating formulas.

Before giving the update formula, we first define the quantities uk = F (θ(k))− θ(k), and
wk = F ◦ F (θ(k)) − F (θ(k)). These quantities are differences in the parameter values

between successive steps of the MM algorithm. With these defined, the SQUAREM

update formula is:

θ(k+1) = θ(k) − 2skuk + s2k(wk − uk) (9)

where sk = − ||uk||
||wk−uk|| .

8 The update formula for ZAL is:

θ(k+1) = (1− ck)F (θ(k)) + ckF ◦ F (θ(k)) (10)

7The discussion of these algorithms is close to that in Zhou, Alexander, and Lange (2011).
8There are three variants of SQUAREM that calculate the step size sk in different ways (Varadhan

and Roland, 2008) We focus on the third variant, which generally performs the best (Du and Varadhan,
2020).
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where ck = −
uTk uk

uTk (wk−uk)
. As the update formulas show, a single step of each acceleration

method really consists of three steps. The method first performs two steps of the MM

algorithm, saving the parameter values at each step. Rather than taking another step

of the MM algorithm, these methods extrapolate the next values from the two MM

iterations. By using information from two MM steps, these methods can produce larger

steps or better search directions.

While these acceleration methods can result in noticeable speed improvements over the

base algorithm, they break the ascent property of the MM algorithm. As a result,

these methods will not necessarily give parameter values that increase the likelihood at

every iteration. In these cases, the researcher can fall back to the second MM update

F ◦ F (θ(k))) to ensure reliability. Note that SQUAREM and ZAL are designed for EM

and MM-type algorithms that exhibit monotone convergence and are not applicable to

Adam or Newton-type methods.

Remark 2. Estimates from the MM algorithm for nonlinear panel data models may still

be biased due to the incidental parameters problem. To reduce the bias, we recommend

that researchers use split-panel jackknife estimation following Dhaene and Jochmans

(2015). The split-panel jackknife removes the leading bias and reduces the bias from

high-order terms. Dhaene and Jochmans (2015) show that the split-panel jackknife min-

imizes the higher-order bias.

Split-panel jackknife estimation involves splitting the dataset into two subpanels. In the

simplest case, the first subpanel runs from time t = 0 to t = T
2 and the second runs from

t = T
2 + 1 to t = T . We use the MM algorithm to obtain an estimate for the full sample

θ̂, an estimate for the first subpanel θ̂1, and an estimate for the second subpanel θ̂2. The

split-panel jackknife estimator θ̃ is then θ̃ = 2θ̂ − 1
2

(
θ̂1 + θ̂2

)
.

6 Alternative Estimation Methods

6.1 Line Search Methods

In later simulations, we assess the performance of the MM algorithm against commonly

used first and second-order line search methods. Specifically, we consider Adam (Kingma
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and Ba, 2014) and Newton’s method.9 These particular methods are available in existing

software implementations of logit models. The R package mlogit and the Stata commands

cmlogit use Newton’s method. The recent Python package torch-choice described in Du,

Kanodia, and Athey, 2023 includes a variety of first-order methods, including Adam,

which the paper recommends for large-scale problems.

Line search methods use an iterative procedure to find the maximum of the log-likelihood.

Starting from the current iterate θ(k), these methods determine a search direction ρk and

the amount to move along that search direction σk (Nocedal and Wright, 2006). Line

search methods update the parameter values according to:

θ(k+1) = θ(k) + σkρk (11)

Line search methods differ in how they calculate the search direction ρk and the step

size σk.

6.2 First-Order Methods

First-order methods use information about the gradient to find the search direction and

adjust the step size. In the case of the multinomial logit, the gradient is easy to compute,

so these methods have a low cost per iteration and hence scale well with the number of

fixed effects.

Standard gradient ascent searches in the direction of the gradient ρ = ∇L(θ(k)) and uses

a constant step size σk = σ. Standard gradient ascent can be sensitive to the step size.

If the step size is too large, the method can overshoot the maximum. Too small a step

size, the method can be slow to converge. Adaptive methods, like Adam, adjust the step

size across iterations and across different dimensions of the parameters. Adam takes an

exponentially weighted average over gradients and the squared gradients. It updates the

parameters as:

θ(k+1) = θ(k) + σ
m(k)√
v(k) + ϵ

(12)

wherem(k) is the weighted average of the gradientsm(k) = ϕ1m
(k−1)+(1−ϕ1)∇L(θ(k));

v(k) is the weighted average of the squared gradients v(k) = ϕ2v
(k−1)+(1−ϕ2)∇L(θ(k))2;

9Here, we are referring to Newton’s method for optimization, which is distinct from Newton’s method
for root finding mentioned in section 5.4.
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σ is the step size; ϕ1 and ϕ2 govern the exponential decay; and ϵ is a hyperparameter to

avoid division by zero.

The choices of the hyperparameters σ, ϕ1, ϕ2, and ϵ affect the performance of Adam.

While the default values recommended by Kingma and Ba (2014) often perform well

in practice, they are not appropriate for every problem. Adam can fail to converge

due to a poor choice of hyperparameters (Reddi, Kale, and Kumar, 2019; Zhang et al.,

2022). Appendix B describes the choices for the hyperparameters for Adam that we use

in our simulations. From the perspective of researcher time, the time spent tuning the

hyperparameters for optimal performance can negate any speed advantage. In contrast

to first-order methods, the MM algorithm does not depend on any hyperparameters.

The ascent property of the MM algorithm guarantees that each iteration moves closer

to the maximum and gives our algorithm good numerical stability.

6.3 Second-Order Methods

Second-order methods use information on the first and second-order derivatives to im-

prove the search direction. Newton’s method, for example, computes the search direction

as:

ρ(k) =
(
∇2L(θ(k))

)−1
∇L(θ(k)) (13)

When the number of parameters is large, brute-force calculation and inversion the Hes-

sian is costly. The cost of inverting the Hessian scales cubically with the number of

parameters.10 With fixed effects, the Hessian has a sparse structure that facilitates

direct calculation of the Newton (Hospido, 2012). The form of the multinomial logit

imposes additional structure on the Hessian that facilitates direct computation.

As we will show later, even exploiting the structure of the Hessian, each iteration of

Newton’s method is considerably more expensive than an iteration of the MM algo-

rithm. Quasi-Newton methods, like BFGS, replace the inverse Hessian in (13) with an

approximation. By avoiding the inversion, BFGS is normally less computationally bur-

densome than Newton’s method. However, due to the structure of the Hessian, we found

the BFGS update to be more expensive than directly calculating the Newton step, so

we study Newton’s method rather than quasi-Newton methods for the remainder of the

10Calculating the inversion through Gauss-Jordan elimination has a complexity of O(P 3) where P is
the number of parameters.
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paper.

Second-order methods often come with substantial memory overhead. In particular,

when the number of fixed effects is large, the inverse Hessian or an approximation to it

can occupy a great deal of memory. Unlike the Hessian, the inverse Hessian is not sparse

because the block containing the fixed effects is dense. For Newton’s method, clever use

of block matrix multiplication can mitigate memory issues at the cost of increased code

complexity.

Although second-order methods have a high cost per iteration, they exhibit faster conver-

gence. Newton’s method converges at a quadratic rate, whereas MM algorithms typically

converge at a linear rate. The MM algorithm therefore takes more iterations, but each

iteration is less costly. We investigate this tradeoff in the next section.

While Newton’s method is commonly used with multinomial logit in standard statistical

software such as Stata and R, these implementations are very general and do not utilize

the structure of the Hessian in the presence of fixed effects. Moreover, these methods

tend to store the entire Hessian and invert it like any other matrix. The end result is long

runtimes and incredibly high memory usage. Existing implementations for estimating

multinomial models that rely on Newton’s method are not well-suited to large-scale

problems.

In order to better advantage Newton’s method, we exploit the sparsity in the Hessian

resulting from fixed-effects specifications following Hospido (2012). Hospido (2012) uses

the structure of the Hessian to make use of block matrix multiplication and partitioned

inversion. In addition to exploiting the structure of the Hessian, we tailor the block

matrix multiplication to the specific structure of the data in our simulation. All of this

allows us to directly compute the Newton step at a low cost while using little memory.

We are not aware of an available implementation of Hospido’s approach to multinomial

logit models and coded it ourselves. Appendix B describes the implementation details for

Newton’s method. Our implementation of Newton steps is far superior to what appears

in standard implementations, such as in R or Stata. For instance, in our experience,

a single iteration of a standard implementation with 10,000 fixed effects can take more

time than our implementation takes to complete estimation with 1,000,000 fixed effects.

In addition, our implementation has much lower memory requirements, and so can more

easily accommodate the large number of fixed effects we are interested in. Because
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existing implementations of multinomial logit estimation were so slow or simply infeasible

because of memory issues, we compare the MM algorithm to our bespoke implementation

of Newton’s method rather than an existing implementation.

7 Performance of the MM Algorithm

In this section, we demonstrate the performance of the MM algorithm relative to Adam

and Newton’s method through two simulations. The first simulation considers how our

method scales with the number of fixed effects and the second considers how our method

scales with the number of individual-specific coefficients.

7.1 Fixed Effects

We consider a setting where the number of covariates is small and the number of fixed

effects grows with the sample size. In this simulation, I consumers choose from three

alternatives, J = {1, 2, 3} in T = 20 time periods. Consumers choose the alternative

that yields the highest utility. Consumer i’s utility from choosing option j in time period

t is:

uijt = xitβj + αij + εijt (14)

where xit is a single individual-level characteristic; αij are individual-alternative fixed

effects; and εijt is a scalar i.i.d idiosyncratic shock distributed according to a Type

I Extreme Value distribution. We draw xit and αij from standard normals and set

β = (β1, β2, β3) = (0, 0.5, 1). We normalize the utility of the base option to be zero so

αi1 = 0, ∀i.

We allow the number of individuals I to vary from 500 to 500,000. Since the model con-

tains individual-alternative fixed effects, the number of fixed effects is twice the number

of individuals 2I. Thus, in our most extreme scenario, we are estimating 1,000,000 fixed

effects. For each value of I, we simulate 100 trials. We drop individuals who failed to

choose all options at least once as these can create problems for convergence, as would

be the case for any fixed effects estimation.

We estimate the model parameters using Newton’s method, Adam, the MM algorithm,
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and the MM algorithm paired with SQUAREM and ZAL.11

We use the same convergence criterion across all of the methods. In particular, we stop

the algorithms when the difference in successive values of the log-likelihood is less than

10−8. The choice of the stopping condition does not have a major effect on the results.

In addition, we start all of the algorithms from the same initial guess of 0.

Figure 2 shows the runtimes for the different methods against the number of individuals

I. The figure shows the median runtime for each method. The vertical bars give the

2.5th and 97.5th percentiles of runtimes across the 100 trials. The variation in estimation

times comes from the variation in values of the individual-level characteristic xit and the

values of fixed effects αij . Since we drop individuals who chose an alternative with zero

probability, there is some variation in the number of observations across trials.

Figure 2

Notes: The main line shows the median runtime. The bottom and top of vertical bars represents the
2.5th percentile and the 97.5th percentile of runtimes, respectively.

11We performed all calculations on a 2.6 GHz Intel Xeon E5-2670 using 8 cores with 8 GB of memory
per code.
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All of the methods yield roughly the same values across runs. The differences between the

estimates are less than 10−6 and lack any practical significance. The minuscule differences

confirm that the MM algorithms are indeed converging to the same estimates as Newton’s

method and Adam, the maximum likelihood estimates. Thus, the performance of the

different algorithms is reflected in the differences in runtimes.

Newton’s method is the faster of the maximum likelihood estimators in this simulation.

Newton’s method is around more than 7 times faster than Adam on average. Newton’s

method take only 4 minutes to estimate 1,000,000 fixed effects. In contrast, Adam takes

nearly 30 minutes.

Our MM algorithm outperforms Adam, but not Newton’s method. The base algorithm

is roughly 2 times faster than Adam, but 3 times slower than Newton’s method on

average.12 Newton’s method, however, exhibits a fair amount of variability so there are

trials where our base algorithm outperforms Newton’s method.

Accelerating the MM algorithm using SQUAREM or ZAL offers additional speed im-

provements over the base algorithm and allows the MM algorithm to slightly outper-

form Newton’s method. The two acceleration methods perform equally well on average.

However, SQUAREM results in slightly more variable run times across trials in this

simulation.

The number of iterations to convergence provides additional clarity on the performance

of the different methods. Figure 3 shows the number of iterations taken by each method

plotted against the number of individuals. As before, the vertical bars show the variation

between trials, with the bottom representing the 2.5th percentile and the top representing

the 97.5th percentile.

Newton’s method takes the fewest iterations. In this simulation, Newton’s method always

takes 6 iterations to converge. Newton’s method therefore exhibits faster convergence,

but a high cost per iteration. In contrast, Adam has a low cost per iteration but takes

the most iterations to converge. On average, Adam takes almost 300 iterations, 70 more

than the MM algorithm on average.

The figure also shows that the speed improvement from acceleration methods comes from

12There may exist a step size (or schedule of step sizes) that allows Adam to outperform the MM
algorithm. However, the time spent finding this step size would likely far exceed any reduction in
computation time.
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the drastic reduction in the number of iterations. SQUAREM and ZAL take around

25 iterations on average. We should note that a single iteration of SQUAREM and

ZAL involves two iterations of the MM algorithm, followed by an extrapolation step.

SQUAREM and ZAL are therefore performing around 50 iterations of the MM algorithm

and 50 extrapolations. The extrapolation step therefore saves roughly 130 iterations of

the MM algorithm.

Thus far, we have evaluated the methods based solely on their runtimes. However, pro-

gramming complexity is another important consideration. The extra time spent coding

a faster algorithm may outweigh any runtime savings.

Out of the algorithms considered, we found Newton’s method to be the most involved to

code. For Newton’s method to perform well, the calculation of the Hessian needs to be

efficient, which means using analytical expressions for the building blocks of the Hessian

and avoiding any unnecessary calculations.

Figure 3

Notes: The main line shows the median number of iterations until convergence. The bottom and top of
vertical bars represents the 2.5th percentile and the 97.5th percentile of iterations, respectively.
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Simply following the approach to exploiting the sparsity of the Hessian described in

Hospido (2012) is not enough for Newton’s method to outperform the MM algorithm. In

fact, our early implementations performed worse than the base MM algorithm.13 These

less-optimized versions of Newton’s method calculated the individual building blocks of

the Hessian using loops and matrix operations. In comparison, our final version relies

more heavily on vectorization and calculates individual elements of Hessian using group

sums of vectors. While faster, the final version is less general. Whereas the preliminary

version accommodates different data shapes, the final version works only with three

alternatives.

In our experience, the time that we spent optimizing and testing Newton’s method far

exceeded the eventual improvement in runtime over the base MM algorithm. Moreover,

in far less time, we were able to match or do better than the well-optimized version of

Newton’s method by adding acceleration, which is easy and straightforward to imple-

ment.

The extensibility of the code also matters to researchers. With our optimized version of

Newton’s method, any changes to the specification, such as changing the number of al-

ternatives, requires recoding the building blocks of the Hessian, which would be involved.

In contrast, changing the specification for the MM algorithm does not affect the code

for the algorithm, only the inputs. From our experience, the time spent optimizing and

adapting Newton’s method to new specifications outweighs any additional performance

that Newton’s method has over the MM algorithm. Overall, the MM algorithm and its

accelerated versions deliver excellent performance while being simple to code and extend.

7.2 Individual-Specific Coefficients

We now consider how the MM algorithm scales with the number of individual-specific

coefficients. This simulation is similar to the previous one, but we replace the fixed effect

with an alternative-specific variable that has individual-specific coefficients. As before,

I consumers choose from three alternatives, J = {0, 1, 2}, but now in T = 50 time

periods.14 Consumers choose the alternative that yields the highest utility. Consumer

13A simulation showing the performance of an early, less-optimized Newton’s method against the MM
algorithm is available upon request.

14We increase the length of the time-series to reduce the number of times that a consumer chooses an
alternative no more than one time. These cases can cause convergence problems for all of the algorithms.
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i’s utility from choosing option j in time period t is now:

uijt = xitβj + wjtγi + εijt (15)

where xit is a single individual-level characteristic; wjt is a single alternative-level charac-

teristic; and εijt is a scalar i.i.d idiosyncratic shock distributed according to a Type I Ex-

treme Value distribution. We draw xit and wjt from standard normals. The individual-

specific coefficients γi is drawn from a normal N (0, 0.52). As in the previous simulation,

we set β = (β0, β1, β2) = (0, 0.5, 1).

We allow the number of individuals I to vary from 1,000 to 100,000. For each value of

I, we simulate 100 trials. As in the previous simulation, we drop individuals who do not

choose all of the options at least once.

We estimate the model parameters using the same algorithms as before. Figure 4 shows

the runtimes for the various methods. The main line gives the median runtime across

the 100 simulations. As before, the vertical bar captures the variation across trials. The

bottom of the vertical bars represents the 2.5th percentile and the top represents the

97.5th percentile.
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Figure 4

Notes: The main line shows the median runtime. The bottom and top of vertical bars represents the
2.5th percentile and the 97.5th percentile of runtimes, respectively.

In this simulation, the MM algorithm is slower than Adam on average. The slower speed

stems from the generalized demeaning. Projecting out the alternative-specific variable

with its individual-specific coefficients is more intensive than subtracting off group means.

So it is not surprising that the MM algorithm loses some of its computational advantage.

The accelerated versions are still faster than Adam on average, with SQUAREM being

faster than ZAL.

As before, Newton’s method outperforms the base algorithm. However, unlike in the

first simulation, Newton’s method now outperforms the accelerated versions of the MM

algorithm. This is again due to the increased burden from generalized demeaning. For

100,000 individuals, Newton’s method is approximately 6.5 times faster than the accel-

erated algorithms.

While Newton’s method is faster, it also takes significantly longer to program and opti-

mize. For this simulation, we found that the increased programming time far outweighed
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any runtime savings. As the previous simulation showed, Newton’s method is faster only

when using well-optimized code, optimized for the specific data structure in a way that

limits extensibility. Less optimized coding can eliminate the marginal speed improvement

that Newton’s method provides in this case.

The number of iterations to convergence provides additional insights about the runtimes.

Figure 5 shows the number of iterations taken by each method plotted against the number

of individuals with the vertical bars showing the variation across trials.

Figure 5

Notes: The main line shows the median number of iterations until convergence. The bottom and top of
vertical bars represents the 2.5th percentile and the 97.5th percentile of iterations, respectively.

The MM algorithm takes between 200 and 500 more iterations than Adam. Moreover,

the number of iterations for the MM algorithm is far more variable. In some cases, the

MM algorithm requires more than 2000 iterations to converge. This variability in the

number of iterations is reflected in the variability in runtimes. In contrast, Newton’s

method consistently converges in 6 to 7 iterations. Each iteration is costly, but there are

not many iterations.
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Figure 5 also highlights the value of acceleration methods. Using accelerations methods

results in approximately a 10-fold decrease in the number of iterations for the MM

algorithm. The extrapolation step allows the MM algorithm to jump ahead and avoid

areas of slow convergence.

8 Empirical Application

8.1 Modeling Hospital Choice

In this section, we further demonstrate the utility of our method by providing an empir-

ical application to hospital choice. Economists frequently rely on discrete choice models

to identify the degree of substitution between hospitals and study competition in health-

care markets (e.g. Gaynor, Kleiner, and Vogt, 2013; Gowrisankaran, Nevo, and Town,

2015; Garmon, 2017). When evaluating hospital mergers, antitrust practitioners use

multinomial logit models to estimate diversion ratios that measure the level of competi-

tion between the merging parties (e.g. Capps et al., 2018). In a hospital setting, these

diversions represent the share of patients who would switch from one hospital to another

if the first hospital went out of network. Due to the availability of patient-level discharge

data, practitioners often use individual-level logit models.

In the logit model, the functional form of the utilities dictates the allowed substitution

patterns. Greater flexibility is therefore crucial for recovering realistic substitution pat-

terns. Due to the shortcomings of existing estimation methods, (Raval, Rosenbaum, and

Tenn, 2017) provide a semiparametric bin estimator that can capture rich substitution

patterns.15 Their method partitions individuals into groups based on a set of G charac-

teristics and a minimum group size. They estimate separate multinomial logit models for

each group, with hospital intercepts as the only explanatory variables. Their estimator

is equivalent to a multinomial logit with hospital-group fixed effects.

The semiparametric approach of (Raval, Rosenbaum, and Tenn, 2017) has two main

drawbacks. The first is that it can accommodate only discrete variables. Continuous

variables, like travel time or the acuity weight, need to be discretized. The second

drawback comes from the binning process, which prevents groups from overlapping.

15The method has seen use in litigated hospital mergers, e.g. Advocate-Northshore (Tenn and Van-
dergrift, 2017).
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This process effectively rules out some forms of multi-way fixed effects.

These drawbacks could be addressed by estimating on the whole population simultane-

ously and treating intercepts as hospital-group fixed effects. However, doing so leads

to a large number of fixed effects. This leads to the use of the MM algorithm, we al-

lows for multinomial logit models that have continuous variables, many fixed effects, and

multi-way fixed effects. The MM algorithm, therefore, expands the set of models that

practitioners can consider and gives additionally flexibility beyond what the semipara-

metric method can offer.

8.2 Diversion from Natural Disasters

We revisit Raval, Rosenbaum, and Wilson (RRW, 2022), which compares diversion ratios

estimated from logit models to observed diversions from hospital closures due to natural

disasters. We consider one of the four natural disasters considered in that paper, the

Americus Tornado. The Americus Tornado swept through Americus, GA on March

1, 2007, damaging Sumter Regional Hospital. The hospital remained closed for a year,

eventually reopening on April 1, 2008. Prior to closure, Sumter hospital accounted 50.4%

of patient admissions within its service area (RWW). The Americus Tornado therefore

forced a large number of patients to divert to the surrounding eight hospitals or to the

outside option.

The data consists of all hospital admissions from the state of Georgia in 2006, 2007, and

2008. The data set includes information about each patient such as age, zip code, and

gender, among other variables. It also includes information about treatment including

the area of diagnosis and length of stay. RRW merge the discharge data with American

Hospital Association data on hospital characteristics. We do not use the full dataset,

but instead use the estimation sample from RRW. This sample consists of admissions

within the 90% service area of Sumter hospital. The 90% service area is the smallest set

of zip codes that accounts for 90% of patient admissions to that hospital.

Following RRW, we calculate the observed diversions using the difference in shares be-

tween the period prior to closure and the period just after closure. The pre-period runs

from January 1, 2006 to February 28, 2007 and the post-period runs from March 1, 2007
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to March 31, 2008. The observed diversions from Sumter hospital to hospital k are:

Dk
observed =

spostk − sprek

spreSumter

(16)

where s is the observed share of admissions. We compare the observed diversions to

predicted diversions from a logit model estimated on the pre-period data. Given the

logit form, the predicted diversions from Sumter to hospital k are:

D̂k =
∑
i

ŝik
1− ŝi,Sumter

ŝi,Sumter∑
i ŝi,Sumter

(17)

where i consists of patients who choose Sumter hospital and ŝ are the predicted shares

from the logit model. We examine how well different models perform in predicting the

observed diversions.

8.3 Models

We consider four logit models. We take the first three models from RRW. The first model

Semipar uses the semiparametric method, grouping individuals according to their zip

code, disease acuity, age group, and area of diagnosis. Under Semipar, we estimate a logit

model with no explanatory variables, just hospital-specific constant terms, separately for

each group. The model is equivalent to a logit model with 816 hospital-group indicators.

The second model GNT follows Gowrisankaran, Nevo, and Town (2015) and includes

travel time, travel time squared, hospital fixed effects, and interactions of demographic

and hospital characteristics with travel time. The third model Ho follows Ho (2006) and

includes time, time squared, hospital fixed effects, and interactions between hospital and

patient characteristics.

The final model Time+ZIP is our own specification. It includes travel time, travel time

squared, and hospital fixed effects. It also includes zip code-hospital indicators for three

zip codes. These three zip codes had a large number of patients who received treatment

at Sumter hospital in the pre-period. Together with hospital fixed effects, our model

has 32 indicator variables. While not as many as Semipar, Time+ZIP has continuous

variables, which the semiparametric method cannot accommodate.

We estimate Ho, GNT, and Time+ZIP using the MM algorithm paired with SQUAREM.

The flexibility of the MM algorithm allows us to accommodate all of these different
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specifications. While we could have estimated Semipar with the MM algorithm, we

chose to use the estimation approach in Raval, Rosenbaum, and Tenn (2017) since it was

easily available to us.

8.4 Predictive Performance

We evaluate the four models based on their prediction errors, ek = D̂k − Dk
observed. In

particular, we focus on the mean squared prediction errors. We use bootstrapping to

compute 95% confidence intervals. As in RRW, we boostrap the pre- and post-period

datasets to account for variation in the observed and predicted diversions. While the

predicted diversions depend only on the variation in the pre-period data, the observed

diversions depend on the variation in both periods.

Figure 6

Figure 6 shows the 95% bootstrapped confidence intervals for the different models. From

the figure, we see that Time+ZIP is best performing model, slightly edging out Semipar.

GNT and Ho are the worst performing models on average.
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As RRW note, including patient characteristics and interactions does not necessarily

help us predict diversions. GNT and Ho perform the worst even though they include

many patient characteristics and various interactions. The results also highlight that we

do not need hundreds of group-hospital indicators to capture rich substitution patterns.

A model that incorporates travel time with many fixed effects may perform just as well

as the semiparametric approach. Another approach we could take would be to add a

continuous term, such as patient distance interacted with age, to the 816 hospital-group

interactions in RRW, which naturally would allow us to improve fit.

The MM algorithm allows practitioners to estimate a wide range of logit models. We were

able to estimate models with a variety of covariates and fixed effects. In this specific

example, the MM algorithm allowed us to estimate a logit model that incorporated

continuous variables and fixed effects, allowing us to outperform the semiparametric

method.

9 Conclusion

We present a new method for estimating multinomial models with many fixed effects.

Existing implementations rely on non-linear estimation of many dummy variable coef-

ficients, which is computationally slow and memory intensive. We found these meth-

ods to be infeasible for the applications we have in mind. Our approach relies on the

Minorization-Maximization (MM) Algorithm, which can be seen as a generalization of

the better-known Expectation-Maximization (EM) algorithm. Our implementation max-

imizes the likelihood through an iterative series of linear regressions, allowing fixed effects

to be handled through the use of linear panel methods. Our method is substantially faster

and more memory efficient than previously available implementations.

We show the performance of the MM algorithm through two Monte Carlo simulations.

Our method dramatically faster and more efficient than standard estimation packages,

such as Stata or R. Our simulations focus on comparing our method to two alternatives:

a highly-optimized Newton step algorithm exploiting both the sparsity of the Hessian

(as in Hospido, 2012) and the specific data structure of our simulation problem, and

Adam, a line search method recommended by Du, Kanodia, and Athey, 2023. Our

method outperforms the alternatives in estimating fixed effects. We also consider models

with individual-specific coefficients on a continuous explanatory variable. In this case,
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our method outperforms the approach based on Adam substantially. Newton’s method

offers an improvement on average in this case, but the found the improvement is small

relative to the level of bespoke programming required to achieve it. For our method,

we consider acceleration methods designed for MM and EM algorithms. The use of

acceleration methods provides noticeable speed improvements over the base algorithm,

and we recommend that practitioners use our method in conjunction with SQUAREM

acceleration.

Our method provides a new way to estimate multinomial logit models in a variety of

settings. We demonstrate one potential use to estimating models of hospital choice and

show how our method provides greater flexibility for estimating diversions relative to

Raval, Rosenbaum, and Tenn, 2017, a recent popular approach. Overall, our method

expands the set of specifications that practitioners can consider given their limited time

and computational resources.
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Appendices

Appendix A Proof of Theorem 1

We show that S(θ;θ(k)) is a minorization of L(θ(k)) at θ(k) by verifying:

(1) S(θ;θ(k)) ≤ L(θ)

We start from a representative individual i. Let ψit = xitβ+wtγi+αi. The multinomial

logit likelihood for observation (i, t) is:

l(ψit;yit) =
J∏
j=1

(
exp(ψijt)∑J
k=1 exp(ψikt)

)yijt
.

The score function and Hessian are:

hj(ψit;yit) = yijt − pijt(ψijt),

hjk(ψit;yit) =

−pijt(ψijt)(1− pijt(ψijt)), j = k

pijt(ψijt)pikt(ψikt), j ̸= k

The second-order Taylor expansion of log l(ψit;yit) at ψ̃it = ψ
(k)
it is:

log l(ψit;yit) = log l(ψ̃it;yit)+(ψit−ψ̃it)′∇ log l(ψ̃it;yit)+
1

2
(ψit−ψ̃it)′∇2 log l(ψ∗

it;yit)(ψit−ψ̃it)
(18)

Given that

∇2 log l(ψ∗
it;yit) =


h11(ψ

∗
it;yit) h12(ψ

∗
it;yit) ... h1J(ψ

∗
it;yit)

h21(ψ
∗
it;yit) h22(ψ

∗
it;yit) ... h2J(ψ

∗
it;yit)

...
...

...

hJ1(ψ
∗
it) hJ2(ψ

∗
it;yit) ... hJJ(ψ

∗
it;yit)

 (19)
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=


−pi1t(1− pi1t) pi1tpi2t ... pi1tpiJt

pi2tpi1t −pi2t(1− pi2t) ... pi2tpiJt
...

...
...

piJtpi1t pi1tpi2t ... −piJt(1− piJt)

 , (20)

we have ∇2 log l(ψ∗
it;yit) ⪰ −I, meaning ∇2 log l(ψ∗

it;yit) + I is positive semi-definite.

Therefore:

log l(ψit;yit) ≥ log l(ψ̃it;yit) + (ψit − ψ̃it)′∇ log l(ψ̃it;yit)−
1

2
(ψit − ψ̃it)′(ψit − ψ̃it)

= log l(ψ̃it;yit)−
∑
j

hj(ψ̃it;yit)(ψ̃ijt − ψijt)−
1

2

∑
j

(ψ̃ijt − ψijt)2

= log l(ψ̃it;yit) +
1

2

∑
j

hj(ψ̃it;yit)
2 − 1

2

∑
j

(ψ̃ijt + hj(ψ̃it;yit)− ψijt)2

(21)

After algebraic manipulation and summing over all observations, we obtain:

L(θ) ≥ L(θ(k)) + 1

2

∑
i,j,t

hj(xitβ
(k) +wtγ

(k)
i +α

(k)
i ;yit)

2

− 1

2

∑
i,j,t

(xitβ
(k) + wjtγ

(k)
i + α

(k)
ij + hj(xitβ

(k) +wtγ
(k)
i +α

(k)
i ;yit)

− (xitβ + wjtγi + αij))
2

(22)

where the RHS of the above inequality as S(θ;θ(k)).

(2) S(θ(k);θ(k)) = L(θ(k))

Direct substitution shows:

S(θ(k);θ(k)) = L(θ(k)) + 1

2

∑
i,j,t

hj(ψ
(k);yit)

2−

1

2

∑
i,j,t

(ψ(k) + hj(ψ
(k);yit)−ψ(k))2

= L(θ(k)) + 1

2

∑
i,j,t

hj(ψ
(k);yit)

2 − 1

2

∑
i,j,t

hj(ψ
(k);yit)

2

= L(θ(k))
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(3) ∇2
θS(θ;θ

(k)) exists, and ∇2
θS(θ

(k+1);θ(k)) is negative definite

To ease notation, we consider αi as coefficients on indicator variables, combine these

indicator variables with xit and wjt and denote the combined vector as zijt. Then by

the definition of S(θ;θ(k)) in Eq.(22), ∇2
θS(θ;θ

(k)) = −Z ′Z where Z is the matrix with

zijt, ∀i, j, t stacked by rows, and does not depend on θ. Because Z′Z is positive definite

under sufficient variation of xit across time and individuals, we have our result.

Appendix B Implementation Details for Simulation 1

This section describes the implementation details for Newton’s method and Adam used

in the simulation in section 7.1.

B.1 Newton’s Method

Our implementation of Newton’s method follows Hospido (2012) and exploits structure

and sparsity of the Hessian to efficiently calculate the Newton step by making use of block

inversion and block matrix multiplication. We first show the structure of the Hessian

and then show how we exploit that structure to calculate the Newton step.

B.1.1 The Gradient and Hessian

For background, recall that the parameters to be estimated are θ = (β2, β3, {αi2, αi3}i=1,...I).

We rewrite the likelihood function as l(xitβ+αi;yit) = l(ψit;yit). We suppress wjt and

γi from our notation because we do not use these terms in this simulation. For each

individual i and each time period t,

∂ log l(ψit;yit)

∂θ
=
∂ log l(ψit;yit)

∂ψit
× ∂ψit

∂θ
= (yit − pit)′ ×

∂ψit
∂θ

(23)

where
∂ψit
∂θ

is a 2× (1 + I) matrix.
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Let diag2(a) be a 2× 2 matrix with diagonal elements as a and off-diagonal elements as

0,

[
∂ψit
∂θ

]
.;1:2

=
∂ψit
∂β

= diag2(xit)[
∂ψit
∂θ

]
.;2×i+1:2

=
∂ψit
∂αi

= diag2(1)

while the other elements are zero because αh is not in l(ψit;yit) if h ̸= i.

Therefore, Equation 33 can be rewritten as:

((yi2t − pi2t)xit, (yi3t − pi3t)xit, 0, · · · , 0, yi2t − pi2t, yi3t − pi3t, 0, · · · , 0)

The gradient of the likelihood ∇L(θ) is:

∇L(θ) =
(
∂L
∂β

;
∂L
∂α1

, . . . ,
∂L
∂αI

)
= (24)∑

i,t

(yi2t − pi2t)xit,
∑
i,t

(yi3t − pi3t)xit;
∑
t

y12t − p12t,
∑
t

y13t − p13t, . . . ,
∑
t

yI2t − pI2t,
∑
t

yI3t − pI3t)


(25)

For ease of notation, we define:

Hψit
=

[
−pi2t(1− pi2t) pi2tpi3t

pi3tpi2t −pi3t(1− pi3t)

]
=

[
Hi,11 Hi,12

Hi,21 Hi,22

]
(26)

Then the matrix
∂2 log l(ψit(θ);yit)

∂θ∂θ′
can be written as:
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

Hψit
x2it 0 · · · 0 Hψit

xit 0 · · · 0

0 0 · · · 0 0 0 · · · 0
...

...
...

...
...

...
...

...

0 0 · · · 0 0 0 · · · 0

Hψit
xit 0 · · · 0 Hψit

0 · · · 0

0 0 · · · 0 0 0 · · · 0
...

...
...

...
...

...
...

...

0 0 · · · 0 0 0 · · · 0



And then the Hessian matrix ∇2L(θ) is:

1

I × T
∑
i,t

∂2 log l(ψit;yit)

∂θ∂θ′
=

1

I × T



∑
i,tHψit

x2it
∑

tHψ1tx1t
∑

tHψ2tx2t · · ·
∑

tHψit
xit · · ·

∑
tHψIt

xIt

∑
tHψ1tx1t

∑
tHψ1t 0 · · · 0 · · · 0∑

tHψ2tx2t 0
∑

tHψ2t · · · 0 · · · 0
...

...
...

. . .
... · · ·

...∑
tHψit

xit 0 0 · · ·
∑

tHψit
· · · 0

...
...

... · · ·
...

. . .
...∑

tHψIt
xIt 0 0 · · · 0 · · ·

∑
tHψIt


(27)

We partition the Hessian into blocks according to the lines in (27). The blocks are:

A =
∑
i,t

Hψit
x2it =

∑
i

Ai

B =

[∑
t

Hψ1tx1t
∑
t

Hψ2tx2t · · ·
∑
t

Hψit
xit · · ·

∑
t

Hψit
xIt

]
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= [B1 B2 · · · Bi · · · BI ]

C = B′

D =



∑
tHψ1t 0 · · · 0 · · · 0

0
∑

tHψ2t · · · 0 · · · 0
...

...
. . .

... · · ·
...

0 0 · · ·
∑

tHψit
· · · 0

...
... · · ·

...
. . .

...

0 0 · · · 0 · · ·
∑

tHψIt


(28)

=



D1 0 · · · 0 · · · 0

0 D2 · · · 0 · · · 0
...

...
. . .

... · · ·
...

0 0 · · · Di · · · 0
...

... · · ·
...

. . .
...

0 0 · · · 0 · · · DI



B.1.2 Block Inversion

To calculate the inverse of the Hessian L(θ)−1, we use block inversion. With block

inversion, we can write the inverse Hessian as:

∇2L(θ)−1 =

[
(A−BD−1C)−1 −(A−BD−1C)−1BD−1

−D−1C(A−BD−1C)−1 −D−1 +D−1C(A−BD−1C)−1BD−1

]
(29)

Because D is block diagonal, we can find its inverse by inverting each of the 2×2 diagonal

matrices Di. This simplification greatly reduces the computation burden of inversion.
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B.1.3 Newton Step

The Newton step is ∆θ = −σ∇2L(θ)−1∇L. For the step size, we use σ = 1. This is the

optimal step size in a neighborhood of the solution (Nocedal and Wright, 2006). Outside

of that area, the step size must satisfy the Wolfe conditions to guarantee convergence

(Nocedal and Wright, 2006). Most implementations of Newton’s method start with the

unit step size and then use backtracking line search in the event that the Wolfe conditions

do not hold. In our simulations, we did not find a need for backtracking so we hard-code

the step size as one. The Newton step is simply:

∆θ = −∇2L(θ)−1∇L (30)

=

[
(A−BD−1C)−1 −(A−BD−1C)−1BD−1

−D−1C(A−BD−1C)−1 −D−1 +D−1C(A−BD−1C)−1BD−1

]
∂L
∂β
∂L
∂αi
...
∂L
∂αI


Brute-force multiplication is inefficient and slow. Instead, Hospido (2012) uses block

matrix multiplication to simplify the Newton step into:

∆β =

(∑
i

Ai −BiD−1
i Ci

)−1(
∂L
∂β
−
∑
i

BiD
−1
i

∂L
∂αi

)
(31)

and

∆αi = D−1
i

(
∂L
∂αi

+Bi∆β

)
(32)

The matrices Ai, Bi, Ci and D−1
i are all 2 × 2. We never construct the full inverse

Hessian so this formulation is also memory efficient.

To compute the Newton step, we start by calculating the choice probabilities as these

are the common building elements of both the gradient and the Hessian. With the

probabilities, the calculation of the gradient is straightforward and follows (25). We

then compute the building blocks of the inverse Hessian.

Rather than construct Hψit
for each individual, we instead construct the individual

elements separately using vector operations. We end up with three vectors: one for

Hi,11, one for Hi,12, and one for Hi,22. We do not compute Hi,21 as Hi,12 = Hi,21. We

then multiply these vectors by the corresponding values of xit and x
2
it and sum over time

to obtain the individual elements of the matrices Ai, Bi, and Di. To sum over time, we
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make use of fast grouped sums for vectors.

We loop over individuals and piece together the individual vector elements to form the

final matrices Ai, Bi and Di. From these components, we can calculate ∆β using (39).

With ∆β, we loop over individuals again to calculate the steps for the fixed effects using

(40).

B.2 Adam

Our implementation of Adam uses the full data set to compute the gradient. This is

slightly unusual. Most implementations computes the gradient from a random subsam-

ple of data or mini-batch, often consisting of 32 to 512 observations. The small sample

reduces the computational burden of each iteration. Mini-batching also improves gener-

alizability by avoiding sharp solutions (Keskar et al., 2017). That is great when the goal is

prediction, but here the goal is estimation. In our context, small subsamples lead to slow

convergence since each iteration updates only a limited number of individual-alternative

fixed effects.

The performance of Adam ultimately depends on the choice of its hyperparameters. Out

of the hyperparameters, the step size σ usually has the most influence on the speed of

convergence. We use a step size of σ = 0.1.

While an exhaustive grid search might yield a better choice, performing a grid search

for each trial of the simulation is simply not practical. To determine the step size, we

instead started with the recommended step size from Kingma and Ba (2014) of σ = 0.001

and the considered alternative step sizes based on powers of 10. We evaluated the step

sizes 0.001, 0.01, 0.1, and 1 on the 100 datasets generated for I = 1000. We capped

the maximum number of iterations at 5000. Table 1 shows the mean, minimum, and

maximum number of iterations that Adam took before terminating.

Table 1: Adam: Number of Iterations

σ Mean Min Max

0.001 5000 5000 5000
0.01 2332.87 2066 2492
0.1 239.03 228 267
1 - - -
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With the default step size σ = 0.001, Adam fails to converge before reaching the iteration

limit of 5000. This step size is simply too small. Larger step sizes reduce the number

of iterations needed to achieve convergence. For σ = 0.01, Adam takes around 2300

iterations and for σ = 0.1, takes around 200 iterations. Increasing the step size further

to 1 results in Adam diverging. Based on powers of 10, we settled a step size σ = 0.1,

which seems to work well in practice.

Appendix C Implementation Details for Simulation 2

This section describes the implementation details for Newton’s method used in the simulation in section
7.2. As in the first simulation, we rely on Hospido (2012). While the individual-specific coefficients
change the structure of Hessian, they do not alter the basic approach.

C.1 Newton’s Method

C.1.1 The Gradient and Hessian

In second simulation, we estimate the parameters θ = (β2, β3, {γi}i=1,...I). As before, we rewrite the
likelihood function as l(xitβ + wjtγi;yit) = l(ψit;yit). We suppress the fixed effects αij as they do not
appear in this simulation. For each individual i and each time period t,

∂ log l(ψit;yit)

∂θ
=

∂ log l(ψit;yit)

∂ψit
× ∂ψit

∂θ
= (yit − pit)

′ × ∂ψit

∂θ
(33)

which reduces to:(
(yi2t − pi2t)xit, (yi3t − pi3t)xit, 0, · · · , 0,

∑
j

(yijt − pijt)wjt, 0, · · · , 0

)

The gradient of the likelihood ∇L(θ) is therefore:

∇L(θ) =
(
∂L
∂β

;
∂L
∂γ1

, . . . ,
∂L
∂γI

)
= (34)(∑

i,t

(yi2t − pi2t)xit,
∑
i,t

(yi3t − pi3t)xit;
∑
j,t

(y1jt − p1jt)wjt, . . . ,
∑
j,t

(yIjt − pIjt)wjt

)
(35)

Then the matrix
∂2 log l(ψit(θ);yit)

∂θ∂θ′
can be written as:
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

−pi2t(1− pi2t)x
2
it pi2tpi3tx

2
it · · · 0 (pi2twit − pi2tw2t)xit 0 · · · 0

pi3tpi2tx
2
it −pi3t(1− pi3t)x

2
it · · · 0 (pi3twit − pi3tw3t)xit 0 · · · 0

...
...

...
...

...
...

...
...

0 0 · · · 0 0 0 · · · 0

(pi2twit − pi2tw2t)xit (pi3twit − pi3tw3t)xit · · · 0 (wit)
2 − w2

it 0 · · · 0
0 0 · · · 0 0 0 · · · 0
...

...
...

...
...

...
...

...
0 0 · · · 0 0 0 · · · 0



where

wit =
∑
j

pijtwjt

w2
it =

∑
j

pijtw
2
jt

And then the Hessian matrix ∇2L(θ) is:

1

I × T

∑
i,t

∂2 log l(ψit;yit)

∂θ∂θ′
=

1

I × T



∑
i,t

−pi2t(1− pi2t)x
2
it

∑
i,t

pi2tpi3tx
2
it

∑
t

(p12twit − p12tw2t)x1t · · ·
∑
t

(pi2twit − pi2tw2t)xit · · ·
∑
t

(pI2twIt − pI2tw2t)xIt∑
i,t

pi3tpi2tx
2
it

∑
i,t

−pi3t(1− pi3t)x
2
it

∑
t

(p13twit − p13tw3t)x1t · · ·
∑
t

(pi3twit − pi3tw3t)xit · · ·
∑
t

(pI3twIt − pI3tw3t)xIt

∑
t

(p12twit − p12tw2t)x1t

∑
t

(p13twit − p13tw3t)x1t

∑
t

(w1t)
2 − w2

1t · · · 0 · · · 0

...
...

...
. . .

... · · ·
...∑

t

(pi2twit − pi2tw2t)xit

∑
t

(pi3twit − pi3tw3t)xit 0 · · ·
∑
t

(wit)
2 − w2

it · · · 0

...
...

... · · ·
...

. . .
...∑

t

(pI2twIt − pI2tw2t)xIt

∑∑∑
t

(pI3twIt − pI3tw3t)xIt 0 · · · 0 · · ·
∑
t

(wIt)
2 − w2

It


(36)

We partition the Hessian into blocks according to the lines in (36). Note that the top left block is the
same as in the previous simulation. So the blocks are:

A =
∑
i,t

Hψitx
2
it =

∑
i

Ai

B =

 ∑
t

(p12twit − p12tw2t)x1t · · ·
∑
t

(p12twit − p12tw2t)x1t · · ·
∑
t

(p12twit − p12tw2t)x1t∑
t

(p13twit − p13tw2t)x1t · · ·
∑
t

(p13twit − p13tw3t)x1t · · ·
∑
t

(p13twit − p13tw3t)x1t


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= [B1 · · · Bi · · · BI ]

C = B′

D =



∑
t

(w1t)
2 − w2

1t 0 · · · 0 · · · 0

0
∑
t

(w2t)
2 − w2

2t · · · 0 · · · 0

...
...

. . .
... · · ·

...

0 0 · · ·
∑
t

(wit)
2 − w2

it · · · 0

...
... · · ·

...
. . .

...

0 0 · · · 0 · · ·
∑
t

(wIt)
2 − w2

It


(37)

=



d1 0 · · · 0 · · · 0
0 d2 · · · 0 · · · 0
...

...
. . .

... · · ·
...

0 0 · · · di · · · 0
...

... · · ·
...

. . .
...

0 0 · · · 0 · · · dI



Note that the matrix D is a diagonal matrix so inverting it is trivial, which makes block inversion an
efficient strategy. We can apply the same formula as in (29).

C.1.2 Newton Step

The Newton step is:16

∆θ = ∇2L(θ)−1∇L (38)

=

[
(A−BD−1C)−1 −(A−BD−1C)−1BD−1

−D−1C(A−BD−1C)−1 −D−1 +D−1C(A−BD−1C)−1BD−1

]
∂L
∂β
∂L
∂γi

...
∂L
∂γI


From Hospido (2012), the Newton step simplifies to:

∆β =

(∑
i

Ai −
1

di
BiCi

)−1(
∂L
∂β

−
∑
i

1

di
Bi

∂L
∂γi

)
(39)

and

∆γi =
1

di

(
∂L
∂γi

+Bi∆β

)
(40)

16As in the previous simulation, we set σ = 1.
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As in the previous simulation, we first compute the individual components and then find ∆β which we

use to calculate each ∆γi.
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